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Let B(k, p) be the least s such that the congruence xix + a** + x: = O(mod p) 
has a nontrivial solution. Let e(k) = {max B(k, p)I p > 1 + 2/c}. The purpose 
of this note is to prove the following conjecture of S. Chowla: e(k) = O(klla+a). 
1. I~R~DuCTI~N 
Let p be a prime, k a positive integer, d the greatest common divisor 
ofkandp - 1,andt = (p - 1)/d. Let 6(k, p) be the least positive integer s 
such that the congruence 
Xlk + -*- + xsk = 0 (modp) 
has a nontrivial solution. Clearly 
and 
4kp) = W,p) < d+ 1 
Denote 
d(P - LPI = P, 4(P - 1)/Z P> = 2. 
B(k) = max{8(k,p) I p > 1 + 2k). 
It follows from a result of I. Chowla [l] that 
0(k) = O(kl-“+‘), 
where c = (103 - 3(641)1/z)/220 and, as always, E is a positive number. 
S. Chowla [2] made the conjecture that 
B(k) = O(klla+E). (1) 
In his paper [5] Dodson went a long way towards proving this conjecture 
by showing that 
8(k) = O(k2/3+f). 
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In this paper we shall show that Eq. (1) is true. It is very probable that 
this result is not best possible. 
2. PROOF OF (1) 
Dodson ([4, p. 1711, [5, p. 1671) has shown that whenp > d2, 
B(k, p) d max(4, [32 log k] + 2). 
Moreover, he proved [5, p. 1681 that when i > 1 andp < 1 + dsi2, 
O(k,p) < t = (p - 1)/d < d1f2 < k1i2. 
Therefore we can assume that 
d2 >, p >, 1 + d5i2. (2) 
Let Qlu be the set of those distinct residues (modp) which can be 
represented as the sum of w  kth power residues (modp). Denote the 
cardinality of Qzu by qw . Chowla, Mann, and Straus [3] proved that 
Define 
qw 3 min{l + (2~ - l)t,p}. (3) 
e(y) = e2SlvIP, &i4 = C* e(w), 
1 
where the sum C* is over all the elements of Qw . Denote 
mu = TS”F I &ml. 
Then we can prove 
LEMMA 1. M, < (qJ)1/2. 
Proof. We have 
Since S,(O) = qw , this implies 
(4) 
9-l 
c I w412 = 4&P - 4tLJ. 
u=l 
(5) 
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On the other hand, S,(UU) = S,(U) for every z) in QI* = QI - (0). Since 
the cardinality of Ql* equals t, this implies, by (4) 
P-l 
z1 1 W)12 2 t&2 = (p _ 1) j,,fw2,d, (6) 
Combining (5) and (6), we get 
Jfw2 G w0 - qw)/(p - 1) < qwd. 
LEMMA 2. If go > 2d then WC, p) < ~(1 + 12 log p/log 21). 
Proof. Denote r = 1 + [2 logp/log 21. Let N be the number of solu- 
tions of the congruence 
Then 
Yl + ..a + y,. = 0 (modp), YiEQto* (7) 
2 4rC - (P - 1) Mw'. 
Hence, by Lemma 1 and the inequalities q,/d > 2 and r/2 > logp/log 2, 
PN > bdY2 K&W2 - P + 1) 
2 (q&y/” (2’/2 -p + 1) 
> (qJ)log@flo@ > p, 
Therefore N > 1 and the congruence (7) has a nontrivial solution. This 
proves the lemma. 
The inequality (3) implies that qw 2 min{2d,p} if w  > 1 + d2/(p - 1). 
It follows from this and Lemma 2 that 
W, P> -c (2 + d2/(p - l))(l + 2 &p/log 2). (8) 
Since we assumed in (2) that p - 1 2 d3j2 and p < d2, the inequality (8) 
implies 
O(k, p) < (2 + d112)(l + 4 log d/log 2) = O(klP+E). 
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3. A FURTHER RESULT 
Let y*(k, p) be the least s such that every congruence 
UIXlk + **a + u,x,~ = 0 (modp), 
where a, ,..., a, are integers, has a nontrivial solution. Dodson [4, p. 1761 
showed that if d <p - 1 then for k sufficiently large 
y*(k,p) < k’18+< 
and improved this later [5, p. 1711 to 
y*(k,p) < kzfa+c. (9) 
Using Dodson’s powerful methods and the result (1) of this paper, we 
may immediately improve (9) to 
y*(k,p) < k1J2+E. 
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